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Statistical Graphical Models

Setup: Random variables (X,),cv and undirected/directed graph G = (V, E).

M(G) = {probability distributions on RIY! that factorize according to G}

Undirected Graphical Models: (3)

plx) = 5 II velc). O )

where C is the collection of cliques of G.

P(XL X2, X3, X4) X ”@"12(X17 Xz) : ’U234(X2, X3, X4)
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Statistical Graphical Models TUM

Setup: Random variables (X,),cv and undirected/directed graph G = (V, E).

M(G) = {probability distributions on RIY! that factorize according to G}

Undirected Graphical Models: (3)

plx) = 5 II velc). U@

where C is the collection of cliques of G.
p(x1, X2, X3, Xa) o< Y12(x1, X2) - Vo3a(X2, X3, Xa)

Directed Graphical Models:

p(x) = TT P01 Xpa(): O—CL_
veV @

where pa(v) ={we V:w—veE}
p(x1, x2, x3, xa) = p(x1) - p(xa|x1, x3) - p(x3) - p(xalx2, x3)
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Polynomial Parameterizations in Directed Graphical Models TLUTI
Discrete Distributions

e Finite state space:

I — XVEV[dV]'

e Each prob. distribution is a point in

A1 ={peR":p(x) >0, %P(X) =1}.

® Graphical model M(G) C Az_; is given by

M(G) ={p e R" : p(x) = T p(x[xpa())}-

veV
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Polynomial Parameterizations in Directed Graphical Models TLUTI

Discrete Distributions Gaussian Distributions
® Finite state space: ® Each distribution N(0, X) is given by cov. matrix
T =Xyev[dy]. v e PD(|V|) c R("2")
® Each prob. distribution is a point in e Weight matrix:
A1 =1{pc R® : p(x) >0, .ezzp(x) =1} RE={AeRVHIVI. X\, =0ifu— veE}

® Graphical model M(G) C Ajz_; is given by e Graphical model M®)(G) C PD(|V|) is given by

M(G) = {p € B : p(x) — 11 plini)).  MO(G)={Z e PD(V]): X = (I-A) 'Q(-A) '},

veV

where A e RE . Q € diag, .

Multiple graphical models have a polynomial parameterization.
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Example: Gaussian Directed Graphical Models TUM

0 0 O w11 0 0
0 )\32 0 0 0 W33
Covariance matrix:
o1 012 013 w11 w1121 W11 A21A32
Y=| - ox on|=| wntwi)y w232 + W11 A3 A3
033 . . w33z + w22>\§2 -+ wll)\%lAgz

Graphical model:

M(G) = PD(|V|) N V(012023 — 022013)
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Questions of Interest in Graphical Modeling TLUTI

Statistics Algebraic Geometry
e Model selection. ® Vanishing ideal of M(G).
e Parameter identifiability. ® |s the parameterization map injective?
® Parameter estimation. e Boundaries and singular locus of M(G).
(Maximum-Likelihood-Estimation. ) ML degree.
o o
Interesting:

Hidden variables, i.e., V = O UH. Only observe marginal distribution Xp.
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Factor Analysis Models TLUTI

Graph G = (O UH, E), only edges from latent to observed variables. Usually, O = [p].

OONONOROBONG
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Factor Analysis Models TLUTI

Graph G = (O UH, E), only edges from latent to observed variables. Usually, O = [p].

SO

OONONOROBONG

Qoo 0
0 Quxu
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Factor Analysis Models TLUTI

Graph G = (O UH, E), only edges from latent to observed variables. Usually, O = [p].

-6

OONONOROBONG

e Covariance matrix:
Xo
Xy

e Observed covariance matrix (projection):

COV[X@] = Qoo + /\(QHQHH/\gH

Q(/)(f) 0
0 QHH

Cov

=(I-NTQU-N)"T = (QOO T AO’HQ’H%A%% /\OHQHH)
DpNon Qi

e (Observed covariance model:
Fo = {Q+ AAT e RI9XIO1: Q > 0 diagonal, A € RFo%}

Goals:  dim(Fg)?  I(F6) CRloy, i <j]?
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Example: Factor Analysis Models TLUTI

@ 6 @B ©® O

Parameter matrix:

A (Ms Mg A3g Mg Asg O 0 )T

0 0 0 )\49 )\59 )\69 )\79 Q= dlag(wll: W22, W33, W44, W55, W66, w77).
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Example: Factor Analysis Models

@ 6 @B ©® O

Parameter matrix:

= (Ms Mg A3g Mg Asg O 0 )T

= 0 0 0 )\49 )\59 >\69 )\79 Q= dlag(wll: W22, W33, Wa4, Wss, Wee, w77).

Observed covariance matrix:

w11 + Mg AigAog A18A38 A1g A48 A18Asg 0 0
AMshog W + A3 Aoghss AogAag A2g A58 0 0
1838 Aogh3g Wiz + A3 A3g\ag A38 A58 0 0

Y= AisAss AogAag A3ghag  wiag + Nig + Mig MasAsg + Aodsg  Aageo Aa9A79
Mg A58 A2g A58 A3gAsg  AagAsg + Aagdsg wss + A3g + A3g  Asodeo A50A79
0 0 0 a9 A69 A59A69 wes + A9 Aeo7o
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0 0 0 AagA79 A59A79 A6oA79 w7 + >\%9
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Previous work: Full Factor Analysis Models

Dimension: [Drton et al., 2007]

dim(re) =minp(# + 1) - (5], (73 1))

where |O] = p.
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Previous work: Full Factor Analysis Models

Dimension: [Drton et al., 2007]

dim(Fg) = min{p(|H| + 1) — (‘3;"), (p; 1)},
where |O] = p.
|deal: [Drton et al., 2007]

/(FG) = Mp’|7.[| ﬂR[J,‘j, ] <j],

where M, 13 € R[oj;, i < j] is the ideal generated by all
(|H| + 1) x (JH| + 1) minors of a symmetric p X p matrix.
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Previous work: Full Factor Analysis Models

Dimension: [Drton et al., 2007]

dim(Fg) = min{p(|H|+ 1) — (‘Zl) (p—2|— 1)}
where |O] = p.
|deal: [Drton et al., 2007]

/(FG) = Mp’|7.[| ﬂR[U,‘j, ] <j],

where M, 13 € R[oj;, i < j] is the ideal generated by all
(|H| + 1) x (JH| + 1) minors of a symmetric p X p matrix.
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Grobner basis:

H| = 1:

Gp1 = {0jjow — Ooj1, TiTjK — OikTji
1<i<j<k<I<p}.

|H| = 2:

e F¢ secant variety of the 1-factor model.

e Delightful strategy. [Sullivant, 2009]
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New Project: Sparse Factor Analysis Models TLUTI

At least one edge is missing, only |H| = 2 latent variables.

O @ 60 e © 0

Dimension:
If p > 5 and any latent node has at least 3 children, then dim(Fg) = p + |E|.

What about /(Fg)?

e If pa(u) Npa(v) =0, then o,, = 0 (singletons).
® Let A, B C O be disjoint sets s.t. |A| = |B| = 2. If |pa(A) Npa(B)| < 1, then det(X45) = 0 (tetrads).
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New Project: Sparse Factor Analysis Models TLUTI

At least one edge is missing, only |H| = 2 latent variables.

O @ 60 e © 0

Dimension:
If p > 5 and any latent node has at least 3 children, then dim(Fg) = p + |E|.

What about /(Fg)?
e If pa(u) Npa(v) =0, then o,, = 0 (singletons).
® Let A, B C O be disjoint sets s.t. |A| = |B| = 2. If |pa(A) Npa(B)| < 1, then det(X45) = 0 (tetrads).

Theorem:
V(I(F6)) = V({M, + S=H(G)} NRoy, i < j]),

where S=1(G) is the ideal generated by all singletons and tetrads corresponding to G.
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Joins TUT

Join of Varieties:

Wis Wo ={2dwm +(1—XNwp: wy € Wi, wy € Wh, A € R}

(Sparse) Factor Models = Joins of (Sparse) One-Factor Models:

o . Wyy + ZhEpa(v) )\eh If u=yv,
v EhEpa(u)ﬂpa(v) AuhAvn T u#v.

(9)
OONONOIOMONNG

In_accordance: For two ideals /, k, one defines the join ideal Iy x l, such that h x L, = I(V(h) = V(k)).

— /(FG):I]_*/2
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Delightful Strategy for Grobner Basis TLUTI

Observation:

ins(h % k) Cins(h) *ins(hk) for any term order <. If equality holds, then < is delightful for I, I.

“De|ightfu|” Strategy: [Sturmfels, Sullivant, 2006]

Find G C I * I, such that (in<(g)|g € G) = in<(h) xin<(h). Then G is a Grobner basis.

1. Find delightful term order <.
2. Understand in<(h) * in<(h).

3. Define polynomials g € G with correct initial terms.
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Circular Term Order TUT

Circular distance on O = [p]:
Length of the shortest path on regular p-gon.

Circular order:

Any block-term order < such that o,, > 0,, whenever the circular distance between u and v is smaller than
the circular distance of w and z.

Example:

® 015 = 024,

® 034 > 025.
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Non-Crossing Edge Graphs

Q0 @ ®6® &® O

Complete graph on v € V s.t. pa(v) # 0:
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Grobner Basis for “Overlap = 2" TUT

in<(h) = inz(h) is given by the edge ideal of the hypergraph obtained by gluing the non-crossing edge graphs.

Glued Hypergraph Grobner basis of h x L = I(F¢)

® 016,017,026, 027,036, 037.

39
) % ® 047056 — 057046,
@ (29) (57:, 012034 — 013024,
% \\ 014023 — 013024,
@ @ 012035 — 013025,
@)

\é ®(@7) (56) 015023 — 013025,
(14) 015024 — 0140725,
@ 015034 — 014035,

025034 — 024035.

d — 067024015 — 012047056,
— 067034015 — 013047056,
— 067034025 — 023047056-
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Conclusion 'I'I.I'I'I

® | atent variable models generally feature complicated geometry.
® Even in “simple” factor analysis models there is still lots to explore ...
e Circular term order is not delightful for “overlap = 3" ...

e What about |H| > 37
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Appendix: Example TLUTI
(9)
@ 6 @6 ©® O

Singletons:

016, 026, 036, 017, O27, 037.

Tetrads:
e A={1,2} and B = {4,5}. Then pa(A) N pa(B) = {8} and c14025 — 024015 € S=1(G).

e A={1,4} and B = {2,5}. Then pa(A) Npa(B) = {8,9} and 012045 — 024015 ¢ S=I(G).
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